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Abstract: The paper enquires into the reasons why Boe-
thius altered the passage addressing the definition of
number in his loose translation of Introduction to Arith-
metic by the Neopythagorean philosopher and mathema-
tician Nicomachus of Gerasa. While Nicomachus’s text
contains three definitions of number, Boethius lists only
two. However, he also pays attention to the definition he
omits, even though he does not regard it as a proper defi-
nition. In his view it fails to embody the essence of num-
ber, and is to be understood as a description of the com-
ponents constitutive of the substance of number. Alt-
hough this is a possible explanation of Boethius’s dismis-
sal of the definition provided by Nicomachus, the descrip-
tion also occupies an important place in relation to the
general characteristic of number, because Nicomachus’s
definitions fully correspond to the three basic topics
which were central to contemporary arithmetic, viz. the
science of number: number as discrete quantity, referring
to the properties of numbers and their classifications;
number as collection of units, leading to the topic of figu-
ral numbers; and number as quantity emanating from unit
and subsequently returning to it, corresponding with nu-
merical ratios, sequences and their transfers.
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1. Introduction

Medieval arithmetic is fairly far from our contemporary
understanding of the science of arithmetic. On the other
hand, it is very close to the ancient understanding of the
importance of the teaching about numbers (i.e., arithme-
tic) as this art was constituted during the pre-Socratic pe-
riod, especially in connection with the Pythagorean
school.! Ancient and medieval scholars regarded numbers
or numeric ratios as primarily representing the basic
structure of reality, since they are the essences of things
having a divine origin.2 Arithmetic was regarded as not
only the science allowing for conducting arithmetic op-
erations (although this aspect — usually called AoyioTix
— was, as an applied practical arithmetic, part of the con-
temporary arithmetical art), but, above all, it was a scien-
tific discipline with a significant philosophical and meta-
physical overlap, since by the numbers cognition we at
the same time cognize the metaphysical structure of reali-
ty.? Further, numbers are an instrument that sharpens the
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intellect and can move the human mind up from the erro-
neous world to the highest truths and the Divine essence.*

In the line starting with Pythagoras and early Pythago-
reans, through Plato and Aristotle, over to some Neopla-
tonists and especially Neopythagoreans, the abovemen-
tioned importance of arithmetic, which is at the same time
a methodical (or propaedeutic, at least) way to philosoph-
ical knowledge,> was handed down in different forms.
During the Middle Ages, this understanding of mathemat-
ics was positively received, which may have been influ-
enced by biblical texts suggesting that numbers were tools
used by God in creating the world (most notably Sap.
11:20) and medieval mathematics often referred to this.®

It is not surprising, therefore, that the most influential
arithmetic text of the Middle Ages was the loose Latin
translation of the popular textbook by the Neopythagore-
an mathematician and philosopher Nicomachus of Gerasa
called Introduction to Arithmetic, contrived by Boethius
around 500 AD.? In this translation, Boethius mediated to
medieval intellectuals a summarization of the Neopythag-
orean teaching about numbers and about the importance
of arithmetic itself.” According to this teaching, a number
is not only an expression of quantity, but also a metaphys-
ical entity we need to know in order to be able to grasp
the world around us and to set out on our journey to God;
numbers are patterns according to which God created all
of creation and the arithmetic pursuit is at the same time
an endeavour to grasp God’s wisdom; no philosopher can
be a true philosopher without devoting his time to study-
ing mathematics — and especially arithmetic.!°

Thus, arithmetic can be (not exclusively in medieval
times) characterized as the science of numbers and, pro-
vided we want to understand it properly in the contempo-
rary context, it is indispensable to focus on the ways
number was defined. Nicomachus in his Introduction to
Arithmetic lists three definitions of number:

(1) number as discrete quantity (ml1j90¢ doiouévov);

(2) number as collection of units (uovddwv ovoTnua);

(3) number as quantity emanating from unit (;toodtnTog
AU €x povdowv ovyxeiuevo).!!

If judged by today’s standards, Boethius’s translation
would not count as an illustrious piece of translation be-
cause (as the interpreter himself states in the dedication
letter to his adoptive father Symmachus) it treats Ni-
comachus’s text freely (liberius), some passages that
seemed too extensive (diffusius) to Boethius were short-
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ened, while others were slightly extended when he
thought that Nicomachus was too abrupt (uelocius)."”

This approach to Nicomachus’s arithmetic text is
clearly reflected even in the case of the definition of
number — in his translation, Boethius omits Nicomachus’s
first definition of number and mentions only the second
and third definitions.!* Since the definition of number is
essential for grasping the content of arithmetic, Boethi-
us’s modification of the Greek original may seem rather
surprising. Therefore, this paper follows two basic issues
and tries to:

- elucidate possible reasons for Boethius’s omission of one of
the definitions of number given by Nicomachus,

- and at the same time, it focuses on all three definitions of
number and shows that their formulation is directly connected
to the problems which Nicomachean (and in relation to it even
medieval) arithmetic tried to solve.

While pursuing these goals, I will define mathematics in
accordance with Boethius’s texts, per its relation to theo-
retical knowledge, and establish its place among the
mathematical (so called quadrivial) sciences. Next, I will
focus on arithmetic itself and introduce the areas of its
interest through the various definitions of number as pre-
sented by Nicomachus. I will first describe number as
discrete quantity (while this characterization is not in-
cluded among Boethius’s definitions for a certain reason,
as I assume, this understanding of number holds a firm
place in Boethius’s account), then I will examine number
as collection of units and, eventually, consider number as
quantity emanating from unit.

2. Mathematics and the quadrivial sciences

In the abovementioned letter to Symmachus (i.e., the pro-
logue to the translation of Nicomachus’s Introduction to
Arithmetic) Boethius characterizes arithmetic as the first
of the four mathematical disciplines (quattuor matheseos
disciplinae),'* which are collectively referred to as the
quadrivium (quadruuium), i.e., the four steps (gradus)
leading up to philosophical wisdom.!3

Boethius covered the exact place of mathematics in re-
lation to philosophical knowledge in other texts. In the
first commentary on Porphyry’s Isagoge he endorsed the
Aristotelian division of philosophy by splitting it into the-
oretical or speculative philosophy (theoretica, speculati-
ua, contemplatiua) and practical philosophy (practica,
actiua). Within theoretical philosophy, he established
three fundamental scientific domains concerned with in-
tellectibilia (i.e., divine science), intellegibilia (i.e., math-
ematics) and naturalia (i.e., physics).'® Similarly, in the
later theological treatise De trinitate (Quomodo trinitas
unus Deus ac non tres dii), Boethius divides theoretical
philosophy into physics (disciplina naturalis), mathemat-
ics (mathematica) and theology (disciplina theologica).
The subject of mathematics is defined as abstracted from
matter and motion, even though it is present in matter as
the forms (formae) of bodies."”

Mathematics is thus situated at the centre of theoreti-
cal philosophy.!® Contrary to physics, it focuses on some-
thing stable, although not as metaphysically noble as the-

ology (or metaphysics, i.c., the divine science) which in-
quiries into an object completely independent of matter."”
At least since Aristotle, the subject of mathematics had
been defined by the category of quantity which is re-
moved from matter, unchanging and stable, but existing
in the material world.?° This description was accepted also
by Nicomachus.!

Quantity (;Toodv or moootys, quantitas) can be divid-
ed into two basic kinds: on the one hand, it is a multitude
(1 90g, multitudo), i.e., something firmly demarcated
(discreta), delimited and countable, e.g. individual trees,
books, etc.; and on the other hand, it is a magnitude
(uéyedog, magnitudo), i.e., something continuous (con-
tinua), with a certain extent and thus measurable, e.g. the
length of an item, the circumference of a sphere, etc.”
Boethius analysed the distinction between multitude and
magnitude in detail and in a very similar manner in the
passage about the category of quantity in his commentary
on Aristotle’s Categories >

Cassiodorus, Boethius’s contemporary and successor
in the highest Roman office of magister officiorum, who
knew Boethius’s work including the translation of Ni-
comachus’s Arithmetic,** thus defines the subject of
mathematics in a link to Boethius as abstract quantity
(quantitas abstracta), that is, quantity which is free from
all delimitation, i.e., including the difference between
countability and measurability.” Abstract quantity be-
came the subject of general mathematical inquiry for me-
dieval scholars, which was reinforced by the fact that Isi-
dore of Seville (ca. 560-636) quoted Cassiodorus’s Ni-
comachean-Boethian definition of the subject of mathe-
matics literally in his encyclopaedia Etymologies, which
was very popular in the Middle Ages.?

Boethius (and Nicomachus as well) used the multi-
tude—magnitude distinction to distinguish between four
special mathematical sciences, i.e., the guadrivium. Multi-
tude can be thought of in itself (per se), that is, as discrete
delimited multitude, i.e., number in itself, or as a multi-
tude related to another multitude (ad aliud, ad aliquid),
that is when numbers are ordered according to numerical
ratios. The former gives rise to the doctrine of numbers,
viz. arithmetic, which inquiries into numbers per se, the
latter results in the science of music and musical intervals,
whose subject are numerical ratios. The second kind of
quantity, i.e., magnitude, can also be differentiated fur-
ther. In this case, Boethius lists the criteria of stability
(immobilis) and mobility (mobilis). The mathematical sci-
ence that enquires into the unchanging and stable is ge-
ometry, while astronomy focuses on magnitudes in mo-
tion.?” In this way, the basic structure of mathematics
emerges as it was mediated through Boethius’s Neopy-
thagorean reading: the subject of arithmetic is multitudo
per se, geometry focuses on magnitudo stabilis, music
deals with multitudo ad aliquid, and astronomy is con-
cerned with magnitudo mobilis *®

According to Boethius, arithmetic enjoys the most im-
portant position among the other mathematical disciplines
(principium et mater), since multitude per se is nothing
other than number itself, which is necessary for all other
(not exclusively) mathematical sciences.?? Without arith-
metic, Boethius writes, there could be no geometry, mu-
sic, astronomy, or any other kind of human knowledge at
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all. Boethius (following Nicomachus) confirms the pri-
macy of arithmetic by the following argument: Numbers
(numerus) are an expression of God’s thoughts according
to which God created all of creation, as mentioned before,
therefore numbers must be antecedent (prior) by virtue of
their nature (natura). When that which is later (posterior)
vanishes, e.g. the species ‘human’ (homo), that which is
antecedent, e.g. the genus ‘animal’ (animal) is not affect-
ed; while when that which is antecedent vanishes (ani-
mal), then all that is later and dependent on it (e.g. hu-
man) vanishes t00.’* Arithmetic as the science of numbers
thus precedes all other sciences because nothing could
exist without numbers.

Geometry, Boethius continues, needs arithmetic be-
cause it would not be able to think about the shapes (for-
mae) of objects (e.g. triangle, quadrangle, etc.) without
the ability to describe them using numbers. Music theory,
i.e., numerical ratios (proportiones), would not be able to
create various musical intervals (e.g. octave, perfect
fourth, perfect fifth, etc.), if there were no numbers, and
thus music needs arithmetic. Astronomy would lack the
ability to describe the orbit of space bodies (circuli, cen-
tra, etc.) and their distances and positions without the
knowledge of geometry (geometrical shapes) and music
(perfect celestial harmony, armonica, music of spheres),
therefore even in astronomy numbers are essentially pre-
sent and without arithmetic there would be no geometry,
music, and also no astronomy.?!

In this manner, Boethius establishes a certain hierar-
chy of the mathematical sciences. Arithmetic is necessari-
ly the first because for its purposes it needs to possess on-
ly numbers and nothing else is essential for it. Although
geometry enquires into something per se (shapes), it
needs numbers for its practice and follows immediately
after arithmetic. Music does not focus on something per
se, at the centre of its attention there are the relative prop-
erties of numbers, therefore it is also dependent on arith-
metic (i.e., on numbers themselves) and comes third. In
the case of astronomys, it is true that it necessarily needs
both arithmetic and geometry and cannot operate even
without music; therefore, the last fourth place among the
mathematical sciences is due to it.*

3. Quantitas discreta: substance or definition of num-
ber?

All knowledge thus needs numbers and if humans want to
pursue philosophy or science, they must start with num-
bers. Without numbers, there would be nothing, since
everything is created of numbers or numerical ratios.
Boethius compares that to human speech when he says
that in an analogous manner (i.e., according to a numeri-
cal order) syllables (syllabae) are created from letters (lit-
terae) and then they proceed to fully articulated words
(voces).3* This example, e.g. the comparability of the rela-
tions between letters, syllables, and speech (oratio) and
the relations between numbers and creation, is again
clearly declared by Boethius in his commentary on Aris-
totle’s Categories, where he also explicitly states that
numbers are delimited quantities (quantitas discreta),
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which could be understood as a basic characterisation of
number itself.

Boethius’s formulation bears a strong resemblance to
the first Nicomachean definition of number as discrete
quantity (7iA90¢ woiouévov), which Boethius did not
include in his translation. There could be several reasons
for Boethius’s omission of this Nicomachus’s definition.

The first possible reason could concern Boethius’s
knowledge of Nicomachus’s treatise. For example, Boe-
thius could have used the manuscript of the text that is
missing this definition — e.g., the manuscript H (according
to Hoche’s apparatus) could be considered.® Further,
provided that Boethius had encountered arithmetic in the
circle of Ammonius Harmiae (f ca. 520) in Alexandria,
he would have adopted contemporary reading of Ni-
comachus’s text as containing only two definitions of
number, i.e. collection of units and “fluxion” theory.’” An
illustrative example of such interpretation is the commen-
tary to Nicomachus’s Introduction to Arithmetic written
by Boethius’s contemporary Asclepius of Tralles (T ca.
555) where two definitions of number are mentioned in
slightly confused form.

On the other hand, (not only) older tradition of inter-
preting Nicomachus Arithmetic obviously preferred dis-
tinguishing three definitions of a number. For instance,
Tamblichus, although his commentary to Nicomachus’s
Introduction to Arithmetic is very different in its scopes
and aims, presupposed more definitions of number, in-
cluding number as a discrete quantity (A7790¢ woto-
uévov), i.e., Nicomachus’s first definition of number.*
Therefore, it may be fruitful to look at this definition in
more detail.

Nicomachus’s first definition of number is at least
confusing, in part because of the ambiguous terminology
used by Nicomachus in the introductory chapters of his
arithmetic text.** While he first distinguished between two
types of quantity (moodv) — multitude (stA77906) and
magnitude (uéyedog) —,*' he subsequently used the term
mooov, formerly declared as quantity, for differentiating
between the two kinds of multitude which constitute the
distinction between arithmetic and music. In contrast to
multitude as (countable) quantity stands magnitude, char-
acteristic for geometry and astronomy, for which Ni-
comachus in this case used the term sydixog.*? Even this
magnitude is obviously quantity (;t000t73), as stated by
Nicomachus two chapters later.#3

Nicomachus confusingly uses the terms quantity
(moodv, moodtyg), multitude (A7 dog, moodv) and mag-
nitude (uéyedog, mlixog, moodtns). Numbers, provided
they are defined as discrete quantity,** are by this defini-
tion primarily considered to be the subject of arithmetic
because they must necessarily be multitude conceived in
itself. Nicomachus is repeating what he has said earlier to
a certain extent, since he specified the subject of arithme-
tic in a similar fashion a few lines above,* only using dif-
ferent terms.

Boethius apparently noticed the terminological ambi-
guity of Nicomachus’s text*® and tried to unify the in-
volved terms when he used the phrase multitudo per se,
where multitudo is a kind of quantity (quantitas) specified
by delimitation (discreta). Therefore, he found it difficult
to repeat Nicomachus’s first definition of number as de-
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limitated multitude, since he would de facto be saying
that number is delimitation of delimitated quantity. For
Boethius, number is not delimitated multitude (that is,
something like multitudo discreta), but delimitated quan-
tity itself (quantitas discreta per se). For Nicomachus and
his ambiguous terminology this problem did not arise,
since he at the same time confusingly referred to multi-
tude as quantity.

However, terminological issues need not have been
the essential reason (in addition to the abovementioned)
why Boethius omitted Nicomachus’s first definition. The
redundancy and untrustworthiness of this definition may
be due to the very effort to capture the substance (sub-
stantia) of number, which is the subject of Boethius’s
(and Nicomachus’s) inquiry immediately prior to the for-
mulations of number definitions. All things are formed
according to numbers and numerical ratios and even these
numbers are composed of certain components,*’ since
numbers are not something entirely simple and are com-
posed (compositum) by nature (natura). The components
of a number cannot be diverse (diversis) but must mani-
fest a certain similarity (similis). The substance of a num-
ber is composed of even (par) and odd (impar), which can
be thought of as contradictory (contraria), but by com-
posing even and odd it is possible to make up all the
numbers that are used by God to create a harmonic com-
position (modulatio).*®

The very substance of numbers is thus composite;
therefore, it is discrete quantity since every composed
substance is discrete and delimited (discreta) by its com-
ponents.* If we speak about number as discrete quantity,
then we do not define number but describe its substance
and, at the same time, we can characterize the place of
arithmetic among the mathematical sciences in the same
manner (mathematics enquires into abstract quantity,
arithmetic deals with discrete quantity).%

The distinction between a definition and a description
is mentioned by Boethius at several paragraphs of his
treatises. According to Commentary to Categories defini-
tions (diffinitiones) and descriptions (descriptiones) are
related to the nature or notion of things (ratio substantiae)
— a definition must be composed from a superior genus
(genus) and a difference (differentia), whereas a descrip-
tion collects the properties (proprietates) of certain thing
(res).>' Accordingly, a definition must express what the
given thing is (quid sit).® In other words, according to
Boethius’s second commentary to Porphyry’s Isagoge: a
definition (definitio) shows a common (communia) sub-
stance of many (multa) things, while a description (de-
scriptio) expresses specific properties (proprietates) or
qualities of the given thing. If we know properties, we can
use a description, but if we know the genus and specific
difference, we can formulate a definition, ergo we know a
nature or an essence of the thing.>

According to these Boethius’s statements, a definition
must express what the given thing is, it means nature, es-
sence, or substance of the thing. It is beyond doubt that he
adhered to the same idea of definition when he was trans-
lating the arithmetical textbook by Nicomachus, since he
makes an identical statement even in the Introduction to
Arithmetic: quid sit numerus definiendum est;* and he
immediately adds the first division (divisio) of numbers

which is nothing else than division to even and odd num-
bers, i.e., definition of the basic components of which the
substance of numbers is composed.>

The delimitation of even and odd (or similar delimita-
tions) belongs to the substance of numbers, but through
the components of number the real definition of number is
not expressed — there is no superior genus or specific dif-
ference. The components of a number (even or odd) are
the basic properties of a number, so we should understand
it as a description of a number. Characterizing number as
discrete quantity is not a proper definition of number, but
merely an expression of the fact that a number is always
composed of certain components, i.e., it describes the
substance of numbers. That means: any number is always
a certain quantity delimited by that particular quantity
(e.g. even or odd, specific value of the number, etc.), but
this is not a definition.

Therefore, Boethius would have denied the status of
proper definition of number in this case, because it is not
an answer to the question what number is, but to the ques-
tion of what the substance of number is composed, while
it only defines these components afterwards. This may
have been the key reason for Boethius to omit this first
definition of number.>

Nonetheless, Boethius did understand number as dis-
crete quantity (although discrete quantity cannot be a def-
inition of number) — it is something that belongs to the
very substance of numbers, because each number must
express some discrete quantity.’’ Arithmetic deals with
numbers and its goal is to appreciate the properties of
numbers, that is, to discern (divisio) the characteristics of
number, i.e., discrete quantity per se, as described by Bo-
ethius himself.®® The first and main topic of Boethius’s
Introduction to Arithmetic is to specify the various prop-
erties of numbers, provided we start from the division to
even and odd.

Thus, like Nicomachus in the text Boethius was work-
ing with, Boethius gradually deals with the properties of
number per se, introduces the definitions of even and odd,
clarifies the reasons why unitas is not a number, but the
source, cause and mother of all numbers,* and then clas-
sifies numbers to explain their properties according to dif-
ferent criteria. Even numbers are further divided to even
times even (pariter par), even times odd (pariter impar),
odd times even (impariter par), and their arithmetic prop-
erties are described. With respect to odd numbers, Boe-
thius discerns prime numbers, i.e., primary and incompo-
site numbers (primi et incompositi), secondary and com-
posite numbers (secondi et compositi), and numbers he
calls middle (medii). He also addresses their properties
and instructions for determining sequences of those types
of numbers, among others he illustratively describes the
so-called sieve of Eratosthenes (Eratosthenes cribrum),
which serves to identify all prime numbers. By the end of
this first thematic part of his textbook, Boethius returns to
even numbers and introduces another type of division ac-
cording to the criterion of the sum of their dividers which
results in an integral number (quotient), therefore he dis-
cerns perfect numbers (perfecti), superfluous numbers
(superflui) and diminutive numbers (deminuti). The algo-
rithm for finding perfect numbers is again clearly de-
scribed together with the properties of these types of

19



MAREK OTISK

numbers. The overview of the arithmetic teaching about
the properties of numbers per se constitutes the larger part
of the first book in Boethius’s translation.®

It seems clear that the substance of number, which is
composed of even and odd and which Nicomachus used
in his first definition of number, is the main and most im-
portant content of the arithmetic science. Number as dis-
crete quantity in itself includes a delimitation of proper-
ties (i.e., a description) according to the classificatory cri-
teria which were used by ancient and medieval arithmetic
and was its first and most significant topic.

4. Number as collectio unitatum

However, arithmetic does not deal only with number, i.e.,
discrete quantity in itself, that is multitude in itself, but, as
mentioned above, it is the science without which the other
mathematical sciences would not be possible. This seems
to affect the definition of the subject of arithmetic, that is,
number. The first definition mentioned by Boethius (the
second one mentioned by Nicomachus) was the most
widely used delimitation of number in (not only) the
Middle Ages.! Numbers are defined as collections of
units (unitatum collectio).®* In slight variations, this defi-
nition is mentioned by all scholars at the turn of antiquity
and the Middle Ages whose texts were read at the institu-
tions of medieval education: Martianus Capella wrote
about ‘congregation of units’ (congregatio monadum).®
Cassiodorus defined number as multitude composed of
units (ex monadibus multitudo composita)®* Isidore of
Seville defined it as multitude built up of units (multitudo
ex unitatibus constituta) %

This definition of number clearly refers to the above-
mentioned difference between unit and a number: a num-
ber is something composed of units, while unit is not a
number but the source, root, cause and mother of num-
bers. The lowest number is thus number two, since it is
the first real collection of units.®® At the same time, it is
clear that by this definition Boethius (and Nicomachus)
followed one of the essential themes of the ancient Py-
thagorean tradition of arithmetic, i.e., figurate numbers.*’

Figurate numbers are a certain form of transition be-
tween arithmetic and geometric teachings since these
numbers express the areal or spatial representation of nu-
merical values with the help of unit points ordered into
geometrical shapes. This was explicitly highlighted by
Boethius when he stated at the beginning of the passage
about figurate numbers in his translation of Nicomachus’s
work that he was going to enquire into quantity, which is
not related to something else, but stands by itself and re-
lates to geometric figures. He recalls that geometry as a
science originates in arithmetic and uses this as evidence
for the importance of these issues for arithmetic because it
leads to the next one of the mathematical sciences.®®

Defining number as collection of units gives rise to
the image of a figural representation of numbers. The or-
dering of units, or representing them with points (puncti)
as geometrical shapes, corresponds to natural (naturalis)
signs for numerical values, in contrast to Greek (Ni-
comachus) or Roman (Boethius) numerals, and we could
add also to Arabic numerals. While these commonly used

20

numerical symbols (signa numerorum) are instituted by
humans, figurate numbers show numbers as sets of units,
that is, if the number 5 is expressed, then this numeral
symbol does not correspond to the natural character of the
value ‘5’, as this can be achieved only by an ordering of
five units together.®

The insight that numbers are collections of units or-
dered into certain geometrical shapes reveals the direct
relation of numbers to the created world surrounding hu-
man beings, whose building blocks are geometrical forms.
When units are ordered into lines, we get linear numbers
(numerti lineares) characterized by longitude (longitudo)
as the only direction or dimension (interuallum). When
the points are ordered in two directions (besides longitude
there is also latitude, latitudo), plane numbers arise (nu-
meri plani), e.g. triangle numbers (triangulares), tetrago-
nal numbers (quadrati), pentagonal numbers (pentagoni),
etc. When a third dimension, altitude (altitude), is added
to length and width, we get solid numbers (numeri solidi),
that is, pyramidal numbers (pyramides), cubic numbers
(cybi), etc. These types of numbers are similarly charac-
terized by Boethius and Nicomachus, especially with re-
spect to the way of establishing how figurate numbers re-
fer to various numerical ratios.” The relationship to ge-
ometry is obvious here, therefore it is not surprising that
number was defined in this way by Euclid in the arithme-
tic book of his Elements.”!

The largest part of the second book of Boethius’s In-
troduction to Arithmetic is constituted by a treatise on
figurate numbers, which fully corresponds to the defini-
tion of number as collectio unitatum, while Boethius’s
own words clearly show that in the case of figurate num-
bers we are confronted with nothing else than orderings of
units. This definition seems to directly refer to the second
big topic of the arithmetic of his time. While the descrip-
tion of number as discrete quantity immediately leads to
the explanation of the properties of numbers which are
constitutive of numbers (i.e., even and odd) and as such
essentially belongs to arithmetic, the definition of number
as ordered set of units leads to what number is (i.e., defi-
nition of number: collection represents the superior genus
and units as a specific difference forms each number) and
also to the recognition of how important number is — in
this case primarily in geometry as a mathematical science.

5. Number as stream issuing from unit (and returning
back to it again)

The second definition of number, as listed by Boethius
(and the last one listed by Nicomachus), is number as big
mass of quantity issuing from unities (quantitatis aceruus
ex unitatibus profusus).”” Even in this case, number is
fundamentally differentiated from unit since it grows out
of unit and unit is once again the cause of all numbers, not
a number. Contrary to the definition of number as collec-
tion of units, the role of unit is now different: it is the
source of numbers, while numbers are specific streams
which come out of one, with which they are in a certain
proportional relation.

Among the texts from the turn of antiquity and the
Middle Ages, Martianus Capella stressed this definition
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strongly. In his allegoric text, arithmetic (as well as the
other liberal arts) is depicted as a lady presenting her
craft. The description of the arithmetical science and its
personified appearance reflect the understanding of num-
bers as streams. From the forehead (frons) of Lady
Arithmetic a barely visible mystical ray (radius) bursts
out (erumpens), which branches out and grows until it
starts to shrink and contract (contrahens) back to her
forehead.” The ray probably represents numbers and se-
quences, which branch out, according to specific ratios,
into mutually interconnected, yet individual types of
numbers ordered per these ratios which trace their origin
back to unit. These numbers can be retroactively convert-
ed to the cause of all numbers, i.c., unit. With this image,
Martianus was perhaps presupposing this definition of
number as stream of multitude, which comes out of the
primary source and (as noted by Capella) returns to it (a
monade veniens multitudo atque in monadem desinens).™*

Boethius (possibly inspired by Nicomachus’s text)
used the term ‘quantity’ (quantitas) in his definition, by
which he probably referred to multitude (multitudo), as it
is the case in Martianus’s work. Even in this case, Boe-
thius meant discrete quantity, although this time it was ad
aliquid, not per se, that is, numbers with respect to their
relative properties. When we understand numbers as
streams coming out of (divine) unit and creating sequenc-
es (per specific ratios) that are based on the relations (ra-
tios) between the numbers of this series, in compliance
with certain rules, we subscribe to the view of numbers as
relative to other numbers allowing to establish propor-
tional relations.”

These relative properties of numbers are, per defini-
tion, immediately necessary for music, which enquires
into multitude related to something else, i.e., ratios.’®
From the point of view of arithmetic, numbers as numeri-
cal ratios are therefore divided into two main genera —
equality (aequalitas) and inequality (inaequalitas). While
the former involves two numerical values that do not dif-
fer (e.g. 5 and 5), in the latter we are dealing with num-
bers expressing different quantitative values (e.g. 5 and
10). While there is only one kind of equality, there are
several kinds of inequality.”” The basic division of ine-
qualities distinguishes between numbers in which a higher
number is compared to a lower one (they are derived from
multiples, multiplex) and another kind of numbers in
which a lower number is compared to a higher one (de-
rived from dividers, submultiplex). Both types of inequali-
ties include five species of dissimilar relations between
numbers. In the first case, in which a higher number is
compared to a lower one, Boethius distinguishes between
multiples (multiplex), superparticular numbers (superpar-
ticularis), superpartient numbers (superpartiens), super-
particular multiples (multiplex superparticularis) and su-
perpartient multiples (multiplex superpartiens). In a simi-
lar way, he distinguishes between five species of numbers
when a lower number is compared to a higher one, i.e.,
submultiplex, subsuperparticular, subsuperpartient, sub-
multiplex subsuperparticular and submultiplex subsuper-
partient.

All types of inequality originate from equality and
Boethius lists three simple rules” which can be applied to
original equality (ratio 1 : 1) in order to get multiples

(2:1, then 3 : 1, etc.), from multiples superparicular
numbers (2:1 — 3:2;3:1 — 4:3 etc.) are obtained;
from superparticular numbers either superpartient num-
bers 3:2 — 5:3;4:3 — 7:4 etc.) or superparticular
multiples 3:2 — 5:2;4:3 — 7: 4 etc.) are derived,
and from superpartient numbers superpartient multiples
5:3 > 8:3;, 7:4 — 11:4 etc.) are formed. These
kinds of inequality are apparently nothing else than
streams coming out of unit and creating relative multi-
tudes. Boethius describes in detail not only the origin of
these types of numbers; he also provides elaborate charac-
teristics of them and describes their mutual relations (es-
pecially between multiples and superparticular numbers),
which can be widely used also in other sciences and in
particular in music.”

One passage of Boethius’s considerations about the
relative properties of numbers is worth mentioning in or-
der to highlight the connection between these issues and
the definition of number. While defining number, Boethi-
us only says that a number is a mass of quantity which
comes out of unit, although it seems obvious that he, like
Martianus Capella, considered the possible return of these
inequalities back to the original equality (unit). At the be-
ginning of the second book of Introduction to Arithmetic
he introduces a second set of simple rules® which can
serve as an easy-to-use tool for converting three-member
sequences (i.e., some kind of inequality) to what these in-
equalities originated from. It is clear that this second set
of three rules is reversible to the first set of rules. In this
way, all inequalities can be converted to earlier inequali-
ties and in the last step they can be reduced to equality,’!
which fully corresponds to the broader version of this def-
inition of number in Martianus’s work.

The overview of the relative properties of numbers in
the Introduction to Arithmetic is interrupted by the
abovementioned passage about figurate numbers, which
are revisited by Boethius at the end of his work where he
deals with numerical sequences (proportionalitates).
While figurate numbers prepare ground for geometric sci-
ence and the relative properties of numbers do the same
for music, numerical sequences serve in a certain way as
an introduction to astronomy, besides the other mathemat-
ical sciences. Boethius first describes sequences generally
(i.e., series of — at least — three numbers, whose values are
given according to given rules of numerical ratios) and
then he introduces ten different types. The main focus is
on three of them: (1) arithmetic, where the relation be-
tween numbers is given by the difference; (2) geometric,
where the values of numbers are delimited by numerical
ratios, i.e., quotients; and (3) harmonic sequences, which
originate from three numbers in cases when the ratio of
the third and first member of this sequence is equal to the
ratio between the difference of the third and second mem-
ber and the difference between the second and first mem-
ber of this sequence. Specific instructions for identifying
the middles of these sequences are also included and fur-
ther relations between the sequences and figurate numbers
are revealed with references to the arithmetic cohesion of
geometry and music.®?

In the last chapter of Introduction to Arithmetic, Boe-
thius (and Nicomachus) pays attention to the highest and
most perfect harmony (maxima perfectaque armonia),
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which in a four-member succession encompasses musical
intervals and, at the same time, represents the ordering of
nature (natura), i.e., issues relevant for the ordering of the
universe (astronomy and geometry). Perfect harmony cap-
tures all three listed sequences by using four numbers (the
sequence of the numbers 6, 8, 9, 12 is cited as an exam-
ple).®

The inquiry into numerical ratios and numerical se-
quences fully corresponds to the definition of numbers as
streams or big mass of quantity (i.e. genus) coming out of
unit and returning back to it again (i.e., specific differ-
ence). It is thus possible to say that, like the previous def-
inition of number and description of the substance of
number, the last definition immediately characterizes
these big topics of Boethian-Nicomachean arithmetic.

6. Conclusion

As implied above, the content of Boethius’s Introduction

to Arithmetic can be divided into several basic thematic

areas. After (0) the introductory delimitation of arithme-

tic, its importance, subject and goal, including its relations

to other mathematical sciences (I, 1-3), it deals with four

fundamental issues:

(1)  properties of numbers as themselves (I, 3-20);

(2)  properties of numbers in relation to other numbers,
i.e., numerical ratios (I, 21-1II, 3);

(3) figurate numbers (II, 4-39);

(4) numerical sequences (I, 40-54).

Everything is in accordance with Nicomachus’s origi-
nal text, although the translation differs from that in sev-
eral details.

The ordering of the subject matter is firmly structured.
While the properties of number in itself (ad 1) are essen-
tially related to the subject of arithmetic because they de-
scribe quantitas discreta per se, i.e., multitude in itself,
the relative properties of numbers also include a certain
overlap with music, since they characterize quantitas dis-
creta ad aliud, i.e., a multitude related to another multi-
tude. After multitude is dealt with, attention is focused on
numbers which are applied to descriptions of magnitude
(quantitas continua) — therefore, numbers as the basis for
geometrical knowledge are introduced (figurate numbers)
and, eventually, the way how numbers are reflected in all
the mathematical sciences, that is, among others, how
they can create the perfect harmony which is to be found
in the cosmos. Boethius acknowledges this thematic tran-
sition explicitly®* and at the same time he fully keeps his
division of the mathematical science from the introducto-
ry chapters of his translation and his declared intention
from the foreword (the accompanying letter), i.e., the en-
deavour to show why and in what manner arithmetic is
the first of the mathematical sciences.

Boethius’s definitions of number and the way they dif-
fer from those of Nicomachus also seem to be leading (in
accordance with the structure of the whole text) to the
same goals. When Boethius characterizes number as dis-
crete quantity in itself, he does not include it among the
definitions of number, which could be due to several
abovementioned reasons, including Nicomachus’s not
very transparent terminology. Boethius tries to use terms
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consistently but, above all, he suggests that when number
is delimitated in this way, it is not a true definition but
rather a description of the components of its substance.
By this he also sets down the characterization of number
for the first big topic of arithmetic (ad 1), i.e., delimitating
the properties of numbers per se according to various cri-
teria. The definition of number as collection of units di-
rectly related to the mathematical science dealing with
something that is per se, i.e., geometry. This definition
actually says what number is and, on top of that, it shows
the importance of number for other mathematical scienc-
es, which fully corresponds to the third (ad 3) domain of
arithmetic subject matter, i.e., figurate numbers. The last
definition of number, which speaks of big mass of quanti-
ty coming out of unit (and eventually coming back to it),
refers to the properties of numbers that are not per se but
related to something else. This is typical for music (and
partially even for the movements examined in astronomy)
and corresponds to the second (ad 2) and fourth (ad 4) key
topic of arithmetic subject matter (in the case of the last
thematic transition, Boethius himself mentions that he is
returning to an interrupted topic, therefore he was fully
aware of the direct interconnectedness between the two
issues), since the very idea of stream refers to the mutual
cohesion and versatility of number apprehended in this
way.

Nicomachus’s three definitions are thus at the same
time references to the inherent topics of arithmetic as un-
derstood by the Boethian-Nicomachean tradition of this
science. These three topics was crucial for (not only) ear-
ly medieval arithmetic, as was briefly documented in this
paper. Boethius, as this paper has tried to show, found the
first definition inappropriate, but he had to consider it (on
conceptual and factual grounds) as a fundamental descrip-
tion of the substance of number, hence he included it in a
modified version (not as a definition) in his arithmetic
work as well.
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